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HO MOMOR PHtS M S OF T ORO I D A L GROUPS
Yuk itaka AB E
A to r oidal gr o up is a c o n n e cted c o mple x c o m m utativ e
Lie gr o up w itho utJn O n C O n Sta nt holoTn O rPh ic fu n ctio n s. 工n
th is pape r事 W e Shal l sho w s o m elp
r OPe rtie s of ho m o m o rph is m s
of 亡o r oi dal gr o llpS . We shall als o sho w a furthe r fe s ult
c o n c e r ning a n e w cla s s a n alogo u sto the r ef in ed Cbe r n
cla s sdefin ed in t31. And w e shal lgiv e a n othe r pr o of 9f
Gbe r a rdel l i- Andr e ot ti f i br a亡io n the o r e m.
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by a lat tic e
r is cal led a. 亡o r oi dal gr o up i f all holo m o rpb ic fu n ctio n s
o n it are co n sta nt くs e eD EF INI T工ON 1. 1J. The fa ct that
e v ery pe riod ic fun ctio n o n C
n
Wi亡h 2n - pュe pe riod is a qu otie nt
of tw o tbeta fu n ction s , had alre ady be e nkn o w nin the ea rly
days of th is ce ntu ry くcf. t19コI. P . Cousin くt4コ,r5コ1 stud ied
pe riod ic fu n ctio n s with pe riod r,
s mal le r thムn 2n , a nd dis -
c o v e r ed a gr o up wh ich do e s n ot contain a a nd C
央 a s dir e ct
s u m m a nds . Su ch a gr o up is e x a ctly a to r oidal gr o up . Late rJ
the study of to r oidal gr o ups w e r etake n up by K . Kopfe r m a n n
11 4コ in 1964. A. Mo riTn OtO F16コ sho w ed that a to r oidal gr o up
ap pe a r s a sthe Steiniz e r of a con rle Cted c o mple x L ie gr o up 9
a nd c al led it a n くH . CJ - gro up . F . G he r a rdel l ia nd A. Andr e ot ti
f8コ def in ed a qu a si- abel ia n variety a nd pr o v ed s o m epr ope rtie s
of it . tL Ka z a m arl lコ sho w ed that a to r oi dal gr o up is a
w e ak ly 1 - c o mplete ma nifol dくs e ef1 8コ fo r the def initio nl.
G. Pothe ring r2 0コ a nd A . 甘efe z r9コ s亡ud ied m e r o m o rph ic
fu n ction f iel ds o n to r oi dal gr oups . T hey sho w ed that
the m e r o m o rph ic fu n ctio n f iel d o n a n o n c o mpa ct qu a si- abel ia n
v a riety ha s the inf inite 亡r a n s c e nde n亡al degr e e o v e ra .
Ch. Vogt r21コ pr o v ed that e v e ry holo m o rph ic l in e bu nd le
o v e r ato r oi dal group X 三 C
n
lr is defin ed by a theta
fa cto r i f a nd only i fa c oho m olog y gr o up H
l
くX ,OJ is
f inite d im en sio n al. The c oho m olog ygr o ups H
pくX ,OJ くp之1J
a r e cla s si f ied by H . Ka z a m ar1 2ト T he a utho r r3コ cha r a c-
te riz ed to r oi dal gr o ups with po sitiv e l in e bu nd le s a nd
pr o v ed the m e r o m o rph ic r edu ctio n the o r e mfo r to r oi dal gr o ups .
The s e r e s ults s ug ge st 亡hat 亡he n otio n of qua sト abel ia n
v a riety is a n atu r al e xte n sio n of the n otio n of abel ia n




くLl a n al -
ogo u s to the ref in ed C he r n cla s sfo r al in e bu nd.1e L ov e r
a to r oidal gr o up X -
- C
n
lr fs e e s e ctio n 61, a nd stud.led
A B E 6 7
holo m o rph ic s e ctio n s of L . 工f L is a topologlC al ly




- 0 くr31I, But the c o n v e r s
l
e do e s n ot hol d
in ge neral .
In th is pape r w e shall c o n si de r ho m oTn O rPh is m s of
to r oi dal gr oups . T he gr o up of ho m o m o rpb is ms is stud ied
けhe o r e m7 -2J. Let 入 ニ A . - + T be a ho mo m o rph isJn fr o m
a n abel ia n variety A o nto a c o mple x to ru s T. The n T
is als o a nabel ia n v a riety. In gen e ral it do e s n ot hol d
fo r to r oidal gr o ups くs e e Ex a mple 7. 3J. We shal lgiv e a n
e x a mple of the亡a bu nd le L o ve r a to r oidal gr o up X ニ C
n
lr
s u ch tha亡 i亡 is n ot topo
llogic al ly trivial but 苫
r
くい - 0.
We shal l als o gi v e a n othe r pr o of of 亡he G he r a rdel l i-
Andr e o亡ti fibr atio n The o r e mくThe o re m 5 .41.
1, TORO工D A工J GROロPS Let r be a d is c r ete s ubgr o up
of C
n
ge n e r ated by v e cto r s pl ,




wh ich a r e
l in e a rly indepe nde nt ov e r 3i. The n w e c al l i亡 a lat tic e
of r ank r in C
n
. By ge n e r ato r s pl
, . . . ,P
r
W e get a n









wh ich is c al led a pe riod m atrix of I
l
, o r als o of X ニ C
n
lr.
D EFI NITION I.1 . Let r be a lat t ice in C
n
. T he n
x 三 C
n
lr is c al led a to r oidal gr o up i f e v e ry holo m o rph ic
fu n ction o n X is c o n sta nt .




Of r, w e de n ote by くpl
,













l. If X ニ C
n
lr is a to r oi dal gr o up , the n




, . . . ,Pr
,
c
コ n . Sup po s e that d imc
くpl,




5 n - 1.



















. . . ,Pr
ン
c
lr O V, it c o ntr ad icts that
x is a to r oi dal gr o up . T he r efor e r2 n . tn fa ct r
5 n .
工f r ニ n , then C
n
王 Cpl
曲 . . . 由 Cp
n





ニ Cl3 O . . . 0 CID,
it als o co ntr ad ict声 that X is a to r oi dal gr o up . Fr o m
abo v e w ec a n w rite r ニ n+m , 1 STn 5- n . W he n m ニ n ,
x - c
n
lr is a c o mplex to r u s.
Let r a nd r
T
pe riod m atric e s a r eP
c
n





e xis亡 M 色GLくr, Zl a nd
Tw o pe riod m a亡rlc e s 王
,
i f the abo v e c o nd ition
fo m s of pe riod m atrix
E1 4l, t1 7コ a nd r21コJ.
P RO P O SIT ION i. 2.
く1 S m く nJ in C
n
.
be lat 亡1c e s of r ank r ln C
n
who s e
a nd PI r e spe ctiv ely . T he n X
ニ
a r eis o m o rpb ic i fa nd o nly if the r e
A,eG Lくn ,CI s u ch that
P I 三 APM.
a nd P
-
a r e s aid to be equiv alent
is s atisf ied . We c a ntake n o r m al
as in the fol lo wing pr opo sitio n く
Let T be a lat ticie of r a nk n+m




is a to r oidal
生 空吐 出 生 旦
the fol lo wing pe riod
m atrix of r is equiv aleh t
m atrix





王竺 室主 o 良れ tol,
whe r e 工 is .the u nit
----.-n - .
くn ,nト m atrix
gr OTtP
工旦
聖吐 S is a nくn ,mJ
-
ABE
matrix who s eim agin a ry 且聖土 工m S ha s r a nk m .






whe r e T is a pe riod m atrix 坐
m atrix
6 9
孤 - d im e n sio n al c o mplex toru s
a nd R is a r e al くn - m ,2m ト m atrix .
Let T be a lat tic e of r a nk n 佃 く1 皇m く nJ in C
n
wh ich c o ntain s n- v e cto r sl in ea rly indepe nde nt o v e r4I.
T he n w e c an take a pe riod 占atrix P of r a s bJ in
P ROPO S 工TI O N 1.2 witho ut co nd itio n く1 .2l . L6t 吋
m
be
the r e al lin e a rsubspa c e of C
n
spa r m ed
. by r. Take the




z . ニ X . + I- 1 y
jコ コ














whe r e T ニ く工
m
















by the abo v e ide nti f ic atio n9 the pe riod matrix P be c o m e s





we r epr e s e n亡 a n ele m e n亡 in 瓜
2n
by a c olum n v e cto r. T he n



























i fa nd o nly if
n 孤













whe r e a. , b
k




, . . . ,a
n








J. We r e w ri亡e く1 .3I a s
く1 .41 x zz










If Jx als o belo ngs to
a nd b一 色R
m











































































































































+ u b- ,
へノ
Ra + U b ココ V bI .
ABE
Hen ce w eha v e
く1. 61 J要 ニ
7 1
tn 亡he e xpr e s sio n in C
n
亡h is m e an s that yET x - vトb +
v







l - m .




m a xim al c o mplex lin e a r s ubspa c e c o ntain ed
S in c e w eha v e










c芋 is the spa ce r epr e s e nted by the f ir st m - v a riable s くzl ,
. . . ,z
m
l .




lr be a tor oidal gr o up and
bu nd le o v e r X . Sup po s e lJ
tr a n sitio n fu n ctio n s tgij
l
c o v e ring tU . 1 of X. Let
l
let L be a bolo m o rpb ic l in e
is def in ed by the syste m of
wi亡b r e spe c亡 to s o m e ope n
7T ニC
n
- - - X be the c anonic al
pr oj e ctio n. T he n the pul l ba ck TT札 of L by 7T is
指ijlへ
Withdef in ed by 亡he syste m of tr a n sitio n fu n ctio n s
u ,U
r e spe ct 亡o the .pe n c o ve ring 札l of C
n





a nd 盲i くz い - giiくTくz11. Sin c e e v e ry holo m o rph ic
l in e bu nd le o v e r C
n
is a n alytic al ly triv ial事 亡he r e e xists






- 1 o n 旨
in古i
.
we defin e a m ap pl ng Ct こ r X C
n
- - - C央 by
72
rb
for a1 1 zくU .
1
c o nd itio n s 三
al cx
A BE






a nd y らI
1





くzl 三 ニ aくy, zl is holo m o rph ic
fo r al lyらI
1
.
bJ cLく0, zl ニ 1 fo r al l z 亡C
n
.
cJ aくy+y- , zI ニ CXくy, z+y
TIc8くy
-








D E F IN T tON 2. 1. A Tn aP Ping ct 三r X C
n
- 一 - C汝 is
c al led a facto r of a uto m o rpby 事 i f it satisf ie s the abo v e
c o nd itio ns aI, bl a nd cI.
Take a n othe r syste m of fu n ctio n s ti.1 s atisfying
l
く2. り , a nd defin e








fo r al l yel
l
and z 色U . . The n a is als o a fa cto r of
l





w e def in e aC央 - v alu ed holo m o rphic fu n ctio n h by





fo r al l z 亡U . . T he n the fol l わwing equ al ity hol dsl
く2. 2J Bくy ,zJ ニ hくz+yl
- 1
c8くy ,zlhくzJ
fo r al l 咋 r a nd z e. C
n
.
DE F L N t T tON 2. 2. Tw o fa ctors of a uto m o rphy cB, B ニ
r x c
n
一 事 C央 a r e s ai dto be equiv alent , i fthe r e e xists
a holom o rphic fu n ctio n h ニ C
n
- I - C女 s atisfying く2. 2J.
A BE 73
An equivale nt cla s s of fa cto r s of a uto m o rphy c o r r e
-




co n v e r s ely ナ S uP PO S e tX ニr X,
C
n
一 一 C央 is a fa cto r of










is b i holo m o rph ic . Take o n e of U
y





. Fo r a ny i and j , the r e e xists an
1
ele m e nt yij












一 - び by gij
くx い ニ aくyij
,P
j





くtUil, 桝 , a nd lt def in e s aholo m o rpb ic
lin e













く叫 zIJ. Fo r a ny z eロi
the r e exists yi亡
r s u ch
t hat z + yi












the r e e xists y
j
e r S u ch that z + y
j






1. The r e also e xists yi
亡 r s u ch that
z + yi
亡U至. S in c e yi こ Yj + Yij, W
e ha v e
aくyij
, ZTyj 川 yj, ZI
ニ aくyi, Zl
.











くz1 ニ aくy, z1.
Tber efo re IJ C O r r e SpO nds to 亡be equiv ale n亡 cla s s of





P O S 工丁工O N 2. 3 くVogtlt2 1コう . Equiv ale nt
fa cto r s
cla s s e s
cla s s e s9f
of a uto mo rphy a 三 r X C
n
- す C女 a nd is 皿 O rph i印
of holo m o rpb ic l in e bu nd le s .i,e r X 三 C
n
lT
c o r r e spo nd o n e- to - o n e.
D E F I N I T 工O N2. 4. A m ap ping a 三 r X C
n
- 一 - a is
c al led a s uTnn a nd of a uto m o rphy i f
al a 三 C
n
- C , a
y
くz い ニ aくy, z1, is holo morphic
Y
fo r al l y亡 r芸





, zJ 芸 aくy, z+y
Tl + aくy
-
, zJ fo r al l y ,y
T
GT r
a nd z 6 C
n
.
Fo r a s u - and of a uto m o rphy a ニ r X C
n
- - - C 事 W e
def in e- cx 三 T x C
n
- 一 斗 C央 by aくy , zJ 三 - e Xpくaくy, ZIJ.
T he n cl is a fa ctor of a uto m o rphy .
型 ON 2. 5 くVogt r2 11 . ifi




de s c ri bed
Y Y
L be a holo m o rph ic
吐 坐 fa cto r of











, I - C, a . .くzl - afy, zJ, be a holo mo rph ic fu n ctio n
s u ch tha亡 C8くy, zI I- e XPくaくy, ZJJ. The fol lo wing ar e equiv -
ale ntニ





, zl ニ aくy
T
, z+yI + aくy, zl
fo r al l y事Y
一 色 r a nd z LI C
n
.
The r e e xists a s u m m a nd of a uto m o rphy
一 ー C su ch that
cxくy , zI ニ e XPくbくy, zJl.
b 三 r X C
n
ABE 7 5
DEFIN 工丁工O N 2. 6. A fa cto r of auto mo rphy cxL三 r X C
n
I - qI央 is cal led a theta fa cto r.,- i f it is expr e s sed a s
aくy, zJ ニ eくL
y
くzJ + cくyll
fo r al l y 亡r a nd z モ C
n
, whe r e L
y
is a lin e a rpolyn o-
mial, cくyl is a c o n st ant and eくxJ ニ e XP 27TJT x .
A bolo m o rpb lc l in e bu nd le gl V e nby a theta fa cto r is c al led
a theta bu nd le .
p RO P O S t T 工O N 2. 7 くVogt r2 2コ, s e etlコ fo r 亡h早ー P TO中りノ












trivial holo m o rph ic l in e
theta bu nd le .
a to r oidal gr oup X
ニ
whe r e L
o 坐 旦 L929i
-
bu nd le a nd





o v er a 亡o roi dal gr o up X
- C
n
lr m e a n sthe e xpr e s sio n in
P R O P O S tT ION 2. 7.




wh ich is defin ed by a syste m of tr a n sitio n fu n ctio n stgij
l
with r e spe ct to a n ope n c o v e ring I,U .1 of X . Sup po s el
指ijl, t3.1 and t苫.ナ a r ethe
.
s a m e a s abo v e. 工f s - fs .1
1 1 1
is a holom o rph ic s e ctio n of L9 the n w e c a ndef in e a
holo m o rphic fun ctio n f o n C
n
by






fo r al l zくUi
. We c a n v e ri fy that the f un ctio n f sat
-
isfie s
く2 .3J fくz+yl 芸 Ctくy ,zJfくzJ
fo r aII yそ r a nd z 亡 C
n
,




7 6 AB E
DEF工N IT IO N 2. 8 . Let CX ニ r X C
n
- ナ C央 be a fa cto r
of a 1ユtO m O rpby. A bolo n o rphic fun ction f satlsfying く2. 3I
is c al led a n a uto m o rph ic fu n ctio n fo r ct. Espe cial ly a n
a uto m o rph ic fu n ctio n fo r a tbeta fa cto r is c al led a theta
fu n ctio n.
1e亡 f be a n a uto m o rpb ic fu n ctio n fo r afa cto r of
a utom o rphy a . Def in e siく
xl 三ニ fくpiく




s 三 tS .1 is a holo m o rph ic s e ctio n of the l in e bu nd le L
I
c o r r espo nd ing to c8.
3. STA N D A RD R E P R ESENT ATION O FTtlE T A F AC T O RS
Let E be a n m- d im e n sio n al r e al v e cto r spa c e a nd let G
be a lattic e of r a nk m in E. Sup po s e that A 三 E X E - 一 ー
取 is a n
.









n G . The n G
o
is a lat tic e in E
o
with
r a nk G
o
ニ d im E
o
. Ge n e r ato r s gl,
- ,gm
fo - a r eal ba sis
of E . T he r epr e s e ntatio n m atrix of A with respect to
tgl , . . . ,gml is
A -- くa
ii
J E 叫 m , 臥
whe r e Mくm ,冴1 is 上he s e亡 of allくm ,m トm atrices with intege r











whe r e Ai is a m at上ix of degr e e m









ニ - くbiil, a nd
We def in e






Let 石 工 E X E - ー 取 be the 取 - b il in e a r-fo r m who s e repr e-i
s e ntatio n m atrix is B . The n 8 s atisf ie s the fol lo wing
c o nd itio n s ニ
a1 8 is 冨 - v alu ed o n G X G.
bJ Aくx ,yl 王 Z3くx ,yl - Bくy,xl fo r al l x , 女そE .
cl 8くEo ,




An 凪 - b i l in e a rfo r m B s atisfying the abov e c o nd itio n s al,
bl a nd cj is c alled 早 Satel lite fo rn as s ociated with A.
Let S be a sytn m etric jR -b i l in e a rfo r m o n E wh ich is Z -
v alu ed o n G X G a nd SくEo ,
El ニ SくE ,EoJ
こ tOl. Def in e





ニ- t ちe C irちl - l l a nd let B be a s atel l ite
X
fo rn a s s o ciated with A. A m ap ping V, ニ G
一 一 C
l
is c al led
a s e mi - cha r a cte r of G a s s ociateや with A, i f
g - ゆCgleく与8Cg,gII
is a cha r a cte r of G, i. e . ta ho m o m o rph is m. Th is def inition
do ep,
n ot depe nd o n the choic e of a 甲 tel l ite fo rn 8.
Let T be a lat tic e in C
n
with r a nk I
.
三 n+m く1 S
m く nli wh ich c o ntain s n ele m e nts lin e a rly indep6nd占nt
o v e r a. co n side r a theta fa ctor pくy, zJ ニ eく上
y
くzIL+ cくyll
fo r r. Lin e a rpolyn o mials L
y
くzl a nd c o n sta nts cくyI
78 AB E
n e c e s s a ri ly s atisfy
く3. り al L
y.y
.
ニ ケy + Ly, ,
bl cくy+y
I






fo r al l y, y
I
G r. Let pl
, . . . ,P
n+m
be ge ne r ato r s of r.
Any x e7Rr
m









whe r e x. ち,A . Def in e
コ
n+孤












- c is 択 一 b i l in e a r
, and Fくx , .I 三
c
n
- a is a - lin e a rfo r al l x e RF
Th
. Def in e
Aくx ,yI ニ三 Fくx ,yJ - f一y,xl
fo r al l x , y e 沢F
Th




















l - cくyI - cくyり1
- tcくy-+yJ - cくyTJ - cくyll
三 O m od 冴.
The r efor e A is 取 - v alu ed a nd Aくr,I
I
J 亡君.






- c冒宙 v a nd Cn - CT金 v 砂 yiT v .







, . A . ,V
CT u 1 of C冒 a ndm
a r e al ba sis tv
l
, . . . ,
V
n - m
l of V n坤 e a r e al ba sis of
畔
地






















l is a r e al ba sis-of 6
n
. Take a ny r e al
s ym etric m atrix くaii
J芸二言こ1 . We def in e a n濫 - b i l in e a r
f. r m 才 三 Cn X Cn - - a by
























- 一 斉くx ,yq vil fo r al lx 色R冒
佃
,






Then 才 is a n alte r n ating fo干m , a nd s atisf ie s
く3.21 2くx ,yJ --太くj T x ,vq yl
fo r al l x 事 y 亡C
n
. The r efo r e the r e e xists the he r mitia n
f. r m 打 ニ Cn X Cn
-
ー C A, . s eim agin a ry pa rt is 弐.
Let
旦 ニ - 2yq F 一 凱




- c is R -bi l inea r a nd 旦くx , .l ニ
c
n




ニ - Re f
a nd F
2






くx ,y 卜 Flくy ,xl,
- F
2くy,xJ
fo r al l x , y eRrm . Fr o m 工m 糾吋
m
x 吋
m - A it fol low s
that
旦くx ,yI ニ 空くy ,xl





壱 ニ Cn X Cn - - a by
No w w e def in e a n凪 - b i l in e a rfo r m
80 ABE



























巻くvq vi ,Vq Vi い
- 一 帥 i ,Vi
1.
By the def initio n 壱 is a sym etric f. r m. S in c e 如x , .I ニ
c
n




. Let d,くyJ 三ニ Cくy 卜 研くy,yl. T he n d
-
s atisf ie s
dTくy.y
T




J 三与Aくy,y.l m od i
fo r al l y, y
T
6 r. The r efo r e tm dT 王 r ユ ー ヰ 取 is a




s uch tha亡 兄くyJ - Im d
-
くyJ fo r al l y 亡r
l
. Let L 三 C
n
- 一 C be theJC - l in e a rfo r m s u ch that 工m L ニ 且.
And def in e
dくy い - cくy ト 与Fくy,y ト ムくyI,
ゆくy, ミ ニ eくdくyll
fo r all ye l
l
. The n 中 ニ r 一 -
r a s s ociated wi亡b .A. sin c e
is a s e mi - cha r a cte r of
L
y
くzl - Fくy , zl ニ ュ く打.壱1くy , z1
2〆T
a nd
cくy1 - d M .与Fくy,yJ . Lくyう,
w e obtain the fol lo wing pr opo sition .
A BE
p ROPO S 工T IPN 3 .1 くKdpfe r m a n nr141J. Let p ニ r X C
n
一 一 C央 be a thet A fa cto r. The r e e xist a he fmitia n fわr m
H 竺 C
n









a nd a 岳e mi - cha r a cte r 小
s u ch that
く3. 41 pくy, zl こ 叫くylet
1
2yjT
盟- v alued,I a C -




a s s ociated with A
くH+旦1くy, zJ + 上 くH+QJくy,y1
4〆丁
+ Lくylコ
fo r al l yer .a nd z 6 C
n
.
R E 比良RK. If r a nk r ニ 2n , the n the e xpr e s sio n く3. 41
is u n iqu e. In ge n e ral , H depe nds o n the choic e of
tm 叫vxyjT v.
A 亡heta fa cto r P ha ving the e xpr e s sio n く3.41 is
s aid to be of ty pe くH,Vl,Q,LJ. A theta fa cto r of ty pe
くH,小, 0 ,OJ is c alled a r edu c ed thet a fa cto r. Fo r the
simpl icity w e w rite くH,ゆ, in ste ad of くH,叫,0 ,OJ. A theta
fa cto r of ty pe く0 ,1 ,a,H is c al led a trivial theta fa cto r.
S imi larly w e s ay that a theta fu n ctio n fo七 a theta fa cto r
of ty pe くH,中,a,LJ is s ai dto be of type くHル ,旦,Ll. Let
P
i
be a theta fa cto r of ty pe くHi ,ゆi ,旦i,Lil







is a theta fa cto r of ty pe くHl
+H





. 血 d a ny tbeta fa cto r is the pr odu ct of a r edu c ed
tbeta fa cto r a nd a trivial theta fa cto r.
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P RO P O S I T L O N 3. 2 .
a nd let
AB E
日生 X - C
n
lr 坐 旦
T- be A theta fu n ctio n.
theta fupctio n 生 壁蛙1 出 生
m e n T
亡o r oi dal 星型些旦
is 畠 trivial
T ha s n o z色to s.
iP BOQEI Sup po s e T is a theta fun ctio n of ty pe
く0,1 ,旦,Ll. We def in e
oくz い - eく志 望くz , z, . Lくz,,.
T he n o is a上heta fu n cti. n .f ty pe く0 ,1 ,旦,H and it ha s
n o z e r o s
,
be c a u s e
oくz+yJ -
I
eく 上 QCy, zl + LくyIIoくz1
2.q
fo r al l ye r a nd z 亡 C
n
. Let
fくz い - Liii
oくzJ
.
The n f is a r - pe riod ic holo morph ic fu n ctio n o n C
n
.
s in c e X コ C
n
lr is to r oi dal , fくzJ 三 co n sta nt . T he r efo r e
Tくzl こ COくzJ.
Co n v ersely ve a s s um ethat a theta fu n ctio n T fo r
s o m etheta fa cto r p ha s n o z e r o s. S in c e C
n
is simply
c o n n e cted , the r e e xists a holo m o rph ic f un ctio n ゆ o n C
n
s u ch that TくzJ 三 eく中くzJl. Let pくy , zI コ eくL
y
くzJ + cくyII.
Fr o m the equ al ity
Tくz+yl こ Pくy, zJTくzI,
it fol lo w s 亡ba亡
く3. 51 中くz+y 卜 ゆくzJ 三 L
y
くzJ + cくyl m od a.
















l with rcxJ三 1 .















i f J叫 2 2. T he r efo r e 申 is a polyn o mial of degr e e at
m o st 2, fo r X コ C
n
lr is a to r oidal grワup . Thu s w eha v e
申くzl ニ ュ 空くz ,zl + LくzJ + c ,
4vjT
whe r e 旦 is a a - b il in e a r symm etric fo - ,ー L is a C - l in e a r
fo r m a nd c is a c o n s亡a n亡 . Tbe n
でくzl - eく 上 之くz , zl + Lくzl + cJ
4〆T
is of type く0 ,I,旦,LJ.
p ROPO StT 工ON 3. 3 くTr a n slatio n fo r m ulaJ. Let 0 be
旦 些 些 生 望王竺 くHル ,旦, い .
O
a
くzl ミ ニ 0くz+al.
Fo r a色 C
n
w e s et
T he n 0 is a 亡beta
a - -






くyI こ 三 郎yl く一 工m Hね ,yII,
L
a
くz1 ニ ニ Lくz1 + 上 くH+Qlくa ,zl.
2vjT





ニ 叫 M eE i くH+旦1くy ,z+al +
2y.
.TT





w e ha v e
AB E










くy 河 上 くH+ 糾 y ,zl + 上 くH+Q1くy ,y1
2vjT 4vjT
We c a n v e rify that 小a
ciated with tm H.
+ いyl + 上 くH+旦Iくa ,yll.
2yq
is a s e mi - cha r a cte r of r a s s o-
4. E XT EN SIO N O F TH E TA F AC T OR S
L EI砂地 4. 1. Let x - c
n
lr 吐 旦
r a nk I
l
ニ n+m く1 5m くnJ.. 迦 堅 H
totoi dal Br O uP 竺圭三重
is a be r mitia n fo r m o n
c
n
s u ch that Im H is Z- v alu ed o n r x r. The n the r e
e xists a n ele m ent ye c
n
s u ch that r
l
三 ニ r + ZY 室 旦








. . . ,P
n 血
be ge n e r ato r sof r.




W e ha v e a r e al Pa sis tpl , . . . ,P2nナ
of C
n
. Put A 三ニ Im H. Def in e









1 5 i Sn+m言1 SjSn - m
a nd
瓦 ミ ニ く A BJ.
He r e w e e xpr e s s elem e nts xG 取
2n
, T 亡dl+m , etc . by c olu m n
ABE 8 5
v e cto rs . We con si de r the fol lo wing syste m of l in e a r equ a-
tio n s
く4 . 11 Ax ニ T fo r x専 政
2n
a nd T 色 Z
n+m
.
It s uf f ic e sto-sho w that く4. り ha s a s olutio n I wh ichL
is
n ot c o ntain ed in 求r
m -fo r s o m eT 亡 者
n+m
.
I.f r a nk A く r a nk A
, w e take T e 2
n+m
s u ch a s
r a nk くA TI こ r a nk く言 Tl こ r a nk 互.I
The n く4. 1J ha s a solutio n x wh ich is not
.





fo r ra nk A く r ank くA TJ.
co n si de r the c a s ethat r ank A
.
E ra nk 首, Take T6 3
n 佃
s u ch tba亡
I
r a nk A ニ r a nk くA TI 三 r a nk くA Tl 苧 r a nk 言.
S in c e the d im e n sio n of the spa c e of s olutio n s of く4. H is
n.m - r a nk A in 嘩
十m










Let r be a lat tic e of ra nk n+m in C
n
. Sup po s e
that 宇 is a lat tic e .f r a nk 2n in Cn -wh ich c.ntain s r




一 ー R be a n
alte r n ating 長一 b i l in e a rfo rn wh ich is 冴 - , alued . n 7L x P,
X
a nd let. い r - - + Cl be a s e mi
- cha r a cte r of r a s s o ciated
with A吋m 租芸れ
L E坤仏 4.2 . The r e e xists a s e mi - cha r a cte r
a sso ciated with A s u ch that
諺 .f チ
P RO OF. Let B be a s atel l ite fo rm a s s o ciated with
A . Fo r y6r w e s et
ゆくyJ ニコ ゆくyleくち古く,y,yII.
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T he n 中 ニ r T -








is.a cha r a cte r of I
1
. T he r e e xists a
s 1ユCb
ha s the u n iqu e e xpre s sio n


























, whe r e yl
色 r
古くマ1 三言 中くyIJ.
附1 三 三 苛く守1eく - ち Bく守,苛11
fo r al l マ色甘. T he千 古 is a se mi - cha r a cte r of チ a s s o-
ciated with A s u ch that 恥 二 中.




C央 be a theta
fa ct.r . A theta fa cto r 苫 ミ サ x cn 一 - Cチ is c al led a n
e xte n sion of p, i f
al a lat tic e チ c . ntain s r a s ad ir ect s u m m a nd ,
bJ3lrxcn - p .
T H EORE M4.4 . Let X こ C
n
lr be a to r oi dal gr o up
with rank r ニ n十m り -STnくnl. The n e寸e ry theta fa cto r p ニ
r x c
n
- ー C央 ha s a n e xte n si. n 石 工 チ x cn - ー C央 , whe r e
争 is a lat tic e .f r a nk 2r. in Cn .
P R O OF . Sup po s ethat p is of ty pe くHル ,a,LJ.
Ap plying L E 凹A 4 . 1 くn -Tnト tim e s, w e ha v e
s u ch that チ エ - r 宙 謬yl O . . . O ayn - m







is a lat tic e in C
n
7L x ナ. By LE淵 A 4. 2
the r e ex ists a s e mi - cha r a cte r 古ニ ケ ー CI Of 甘 1 a S SO -
X
ciated with 工m H s u ch that 8Lr - o. Fo r al l 苛c一宇 and
z 亡C
n
w e def in e
盲く苛, zl ニ - 郎yさet 上 く仲之,くマ,zl . 上 w.Qlくマ,苛l . L伽 .
2〆了 4ノニr
へノ
T he n p is a n e xte n sio n of p.
AB E 8 7
The fol lo wing le m m ais s e e nin Pothe ring
-
s the sis r20ト
L E M 凹A 4. 5. Let x - c
n
lr 坐 旦 to r oi dal 畠fo up with
r a nk I
l
ニ n+m く1 喜m くnl.一 Sup po s e that H is a her mitia n
fo r m o n C
n
生 壁一 叫畔c冒
ン 0. 些 聖 堂 -
be r mi亡ia n fo r m H
l 竺 C
n




a nd H . H
l
e xist 白 a
i白 s ym etric
is po sitiv e def inite o n C
n
.




- c冒c,v a nd C
n
- C冒o v eBvq V .
Let T ニ V X V 一 斗 忍 be a n .A -b i l in e a rpo sitiv e def inite
s ymm etric fo rm. We pu亡 A .. こ 工m H. s in c e H is po sitiv e
def inite o n
s u cb 亡hat
the r e e xists a po sitiv e c o n sta nt a
Aくx ,vq xI 之 a hX1
2
fo r all x 亡畔, whe r e li.Ll is the Eu cl i de a n n o r m. The r e
e xists a po sitiv e c o n sta nt b s u ch that
IAくx ,viT yJI s bl側 tJy il
for al l x , y 色C
n
. S in c e T is po sitiv e def inite 事 there
e xists a po sitiv e c o n sta nt c s u ch that
Tくv ,vl 之 c iVJl
2






a nd def ine a n
l
R - b i l in e a rfo rn 太 ニ Cn X Cn 一 一 R by
8 8 A B E















謙 二 ニ A .the r wis e.
The n 謀 is an alte r n ating fo rm a nd s atisf ie s
2くvjT 去,yjT yl - 貼 ,yJ
fo r al l x 事 y 色 C
n
. The r efo r e the r e e xists the he r mitia n
f. r m 7f wh. s e im agin ary pa rt is 太. Any ele m e nt .f C
n
is r epr ese nted u.niquely by x . u . 〆T v , whe r e x亡 CT,
u , V E V . By a n ele m e nta ry c alc ulatio n w e obtain
く4. 21 批x+u+vlT v ,x +u+ 応 1
三 a lIXLJ
2. I 2b lIX u ut - 2 blixhIVti - 2bl uuLIVtL




- く号JIXtI2 - 2bIJXUiJuu . 号JJul21
+ く号Itxl2 1 2 bq x 脚 . 号1vl2J
+ く号uutl2 - 2 bl unlV.,I . 号Iv暮l2l
- く央1J + く央2J + く央3l.
S in ce w eha v e
く央., - 号く-Ex,. 7 i.uti,2 . く号 一 瓢uI-2 ,2 b
くk2J - 号 くijxI. 一 昔Jiv-i,2 . く号 - 執 vil2 ,
ABE
く央3l - 号 oluLi 一 昔IJV U12 . く号 一 字JfL. VI2 ,
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the right -ha nd si de of く4. 21 is po sitiv e fo r s uf f icie ntly
la rge c. The n Hl
三三 打 - H is a de sired he r miti an fo r m.
By LE MMA S 4. I a nd 4.5 w e obtain the fol lo wing pr opo sitio n.
p ROPO S 工T tO NL4 .6 くGhe r a rdel l ia nd Andr色ot ti t8コI.
tf主 X - C
n
lr 吐 Iai
mくnJ. As s u me
to r oidal 皇ヱ望望 壁 生 r a nk r こ n+m く1 S
亡bat a ber mitla n fわr m
the fol lo wing co nd itidn s ニ
aI Im 什 is 才 一 v alu ed o n r x r .
bl HI畔惜
is po sitiv e




The n the r e e xist a n elem e nt y 亡C
n






























Arm s u ch that
こ 二 I
l
+ zy is a d i re ct s u m,
くH+HID
is a- v alu ed o n
H+H







RE MAR K. Let p be a theta fa cto r of ty pe くH,ゆ,Q,Ll
with H一軒c冒
, o. By P R O P O S 工丁工O N4 . 6 and the pr o of of




旦ニ GtlERA R D ELL I
I A N DREOT TI F I BR A T ION TtlE ORE M
The fol lowing def initio n s ar e du e 亡o.Che r a rde
l l ia nd
Andr e ot ti r81.
9 0




lr be a to r oi dal gro up
with ra nk r - n+m く1 Sm くnJ. X is Cal led a qu a si - abel ia n








is po sitiふe def in ite .
RE斑ARK . 工f m こ n
,
the s e a r e亡he w el l- kn o w n
R ie m a n n c o nd itio n s.
D E F t N I T I ON 5 .2 . A qu a si- abel ia n va riety X 三 C
n
lr
is s aid to be of k ind k
,
i fthe r e e xists a he r mitia n fo r m
H s atisfying the c o nd ition s al a nd bJ in D EFINI T IO N 5.1





b il in e a r
E beLa n alte r n ating
fo r m o n afr e e 才一 m odule D of d im e n sio n r.
些 野 望 坐 王室垂 9f-
E 阜阜 2m くS rJ. T he n D is the
E 一 軸 些旦
垂旦竺 Do
v a nishe s,
d ir e ct sum
D 二 rel ,
V












2- d im e n sio n al s ubm odule
空 車 吐 ei,
V
i-




竺追 d.1d2I. . .ldm .
コ
PR O O F.
gerle r-
is a po sitiv e int ege r
Take.the s m al le st po sitiv e intege r dl
in
EくD ,DJ. Sup po s e that el, VI G
D at tain d
l
, i. e .
AB E
a nd b ニ ニ ー
91
. - reユ ,
V
lト
Let ヰ be theEくel,Vll ニ dl . We s et Dl .
o rthogo n al c o mpleme nt, of DI
With r e spect to E .
The n D
l
n Dt- tOl. s in c e i is a prin cipal i de al do mi n ,
EくD ,DJ is ge n e r ated by dl
. Fo r a ny u e D w e s et








b e i. And w e ha v e










S imi la rly , i亡 bolds












. The r efo r e D - D
I
O Dt.
The n the le Tnm ais pr o v ed by indu ctio n.
We de n ote by H
n
the s et of al l c o mple x sym m etric
m atric e s w of degr e,e n with tm w y 0, a nd c al l it
the Siegel up pe r hal f spa c e of degr e e a.
sup po s ethat r a nk r - 2n , that is , C
n
lr is a
c o mple x to r u s. We a s s u m ethat the r e e xists a her mitia n
fo rn H s at isfying c o nd itio n s aI and bl in D E F 工N 工丁工ON 5 .1 .
The n C
n
lr is a n abel ia n v a riety . Let P be a pe riod
Tnatrix of I
1
. we m ay a s s u m ethat the e xpr e s sio n m atrix




三jwith e e MdettOくn ,a,,
9 2 AB E
whe r e. MdettOく甲,
冴1 is the s et of al lくn ,nJ - m atric e s with
integr al c o eff icie nts who s edeterm in a nt is n ot z e r o.






e - wl くcf . t131l. Co n v e r s ely , i f P ニ く
t
e . - wI, e 亡
M
detfO
くn , れ w e H
n
, Jthe n the c o mple x to r u s C
n
lr with
pe riod m atrix P is a n abel ia n v a riety .
Tbe fol lo wing the o r e mis du e to G be r a rdel l ia nd
An dr e ot ti r8l. He r e w egiv e a n e wpr o of of it d i f fe r e nt
fr o m the pr o ofs of Ghe r a rdelli a nd Andr e ot ti t8コ くcf . t7コI
a nd Dods o nr6ト
T H E O REM 5.4 くG he r a rdel l ia nd An dr e ot ti 亡8コI. Let X
- c
n
lr be a qu a si- abel ia n variety of k ind k, whe r e r a nk r
ニ n+m く1 皇m くnl.. 些至旦 X 坐 皇 室土壁
v a riety Y
P RO O F.
坐
btlnd lelo v e ra n abel ia n
d im e n sio n m+k with f i br es C
k
x くいり
n - m - 2 k







e亡c . a r e repr e s e nted by c olu m n v e cto r s. Let 打 be a
he r mitia n fo r m s atisfying the c o nd itio n sin DEF INI TIO N 5.2 .
By L EM 凹A 4. 5 the r e e xists a po sitiv e def inite herm itia n





whe r e A. こ こ Im H. The n w e m ay a s s u m ethat H is po sitiv e
def inite o n C
n












































n - k r o w s
9 3
n - m - 2 k r ow s ,
whe r e d
i
is a po sitiv e intege r with dl
d
2J . . . Jdm.k .
A d d ing s uitab le v e cto r s ql ,




, w e get a r e al
ba sis tpl ,






l of Cn . We set a r e al
くn+m ,2n トm atrix
言 コ く A くAくpi,qj
ll l.
Co n side r the syst.e m of l in e a requ atio n s
く4. 1J Ax 三 T , x 帥
2n
a nd T一己 a
n+m
.
工f n - m , 2 k, the n rank 盲 D r a nk A. Be c a u s eH is
po sitiv e def inite o n C
n
. The r efo r eく4 . 1J ha s a s olutio n
x wh ich is n ot cワntain ed in 畔
仙
fo r I -
t
く0 , . . . ,0 ,
T
m+k+1








po sitiv e intege r. Let yl
be o n e of s u ch s olutio n s a nd
let r
l
ニニ r e gYl




















a - k row s
n - m - 2k- 1 ro ws
m十k+1
Repe ating the s a m e a rgu m e n亡 くn - m - 2 kトtim e s, w e get a lat tic e
r
n - m - 2 k
こ r 申 3yl
0 . . . 魯 2y
n - m - 2 k
of r a nk 2n - 2 k in C
n
such that the e xpr e s sio n m atrix
A





n - 2 k with r e spe ct to a pe riod
n - m - 2k
m atrix P
n - m - 2 k
三三 くpl ,
. . . ,p
n 佃
,Yl
, . . . ,Y



















Ad d ing s uitab le v e cto r s qi, . . . ,q昌k6C
n
,
w e get a r e al
ba sis tp
l




. . . ,Y





n - m - 2k
S in c e r a nk A
A
n - 孤 - 2 k
n - m 1 2 k
A くpl ,qiJ. . . . . . . . . . . . .Aくpl ,q昌kJ
■ ■ ■ ■ 書 ■ ■ ■ ■ . . . . . . . . . . . .. . ■ ■ ■ ■ ■ ■ ■
Aくp
n+m
,qiJ. . . . . . . . Aくpn.m ,q呈kl
Aくyl,qil . . . . . . . . .. . . Aくyl,q昌kI
■ qB ■ ■ ■ ■ ■ . I . . . .. . . . . . . . . . .■ ■ ■ ■ ■ ■
Aくy
n - m - 2 k
,qiJ. . .Aくyn - m - 2 k,q昌kl
ニ 2n - 2k, w e ha v e r ank A
n - m - 2k
9 5
r a nk A
n - m - 2 k
. The refo r eく4. 1J ha s a s olution x wh ich
is n ot c o ntain ed in
.
R芸二三三2k fo r T -
亡
く0, . . . ,0, T
2n - 2 k
,
G Z
2n - 2 k
with T
2n - 2 k
ニ ー a
n - k
e 謬UoJ. we choo s e o n e
of s u ch s olutlon s a nd de n ote i亡 by ul
. We def in e
r
n - m - 2 k+1
ニこ r




The n the e xpr es sio n m atrix A






2k+1 with r e spe ct to a pe riod u trix
n - m - 2 k+i
p




n - k ,Ul,pn -k+1
, . . . ,p
n+m
,Yl
, . . . ,Y












































, w e ha v e a n e w
r e al ba sis tpl,
. . .
,P
n - k,ul,Pn - k+1




, . . . ,Y
















. . . . . . . . . . I . .Aくpl ,q2k- ll
n - m - 2 k+1
■ ニ
I
n - m - 2 k+1





. . . . . . . . .Aくp































. . . . . - . . . . A くyl ナq冒k - 1I
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The n く4. ll ha s a s olutio n x which is n ot c o ntain ed in
叔
2
,三二三三三十1 fo r I I-
t
tO, . . . ,., T
n - k..
,0, . . . ,0, e 富
2n 1 2 k+1
,




is a po sitiv e integer . LetIYn - m 1 2 k+1
be o n e of s u ch s olutio n s a nd le亡
r
n - m - 2 k+2
ニニ r
n - m - 2 k+1
Bi 冨y
n - m - 2 k+1
.
The n the e xpr e s sio n m atrix A





With r e spe ct to a period m atrix
p
n - m - 2 k+2
.
. ニ くpl,










, . . . ,Yn - m 1 2k ,
Y































Repe ating th is pr o c edu r e, w e f in早l ly obtain a lat tic e
へノ
T ニ r O 冴yleB . . . Q,軍yn - m+k
el 和1
年 . . . ei 恥k
9 8 AB E
of r a nk 2n in C
n
sqch that the e xpr e s sio n m atrix A
N
of
A with r e spe ct to a pe riod m atrix P .. 三 くpl,





. . . ,Uk,Pn - k+1




, . . . ,Y







n - k - 1






















is a po sitiv e intege r a nd a
iGl
冴 U oL we s et
- d
















sin c e C
n
I予 is a n abel ia nふa riety , the r e e xist UeG Lくn ,Cl
a
,
nd a s ym etric m atrix w 三 くwii
l with - w 6 H
n
s u ch that
u
- 1箪 こ くte w J くcf. p. 36 in r1 31J. Let
u
- 1i-くp芋, . . . ,p芸I k,uf, . . . , 略 p芸I k.1, . . . ,p芸.m ,y芋, . . . ,一芸- m - kl.
The n P央 ニニ くp晋-. . . . ,p芸+mJ is equiv ale nt to P . In fa ct































n - k .
t
















































ha v e - w
l
らHm+k
. The nJ一 丁
m+k
くP央1 is a pe riod m atrix
of a n くm+kトd im e n slo n al.
abel ia n v a riety. T he r efo r e the
pr oコe Ctio n 7T
m+k
indu c e sthe str u ctu r e of f ibr e bu nd le
of X o v e r a nくm +kトd lm e n sio n al abel ia n v a riety with
f ibr e s C
k
x くC央1
n - m - 2 k
.
6. A N EW CL ASS ANA L O GOU STO T H E R E F I N E DCH E R NCLA S S
Let X - C
n
lr be a to r oidal gr o up with r a nk r - n+m
く1 喜m くnJ.
.
Take the c o o rd in ate s くz
l











, whe r e z- くz
l
, . . . , Z
m
J e畔 a nd w -
くwl , . . . ,Wn - ml
色 C
n - m
. T he n dz
l




. . . ,dz
m
a r e






with r e spe c亡 亡o the z
- v a riab le s. .Let ど be 亡he she af of
CO
ge r m s of r e al
- v alu ed C fu n ctio n s o n X . Let EP ,P be
O D












wh ich c o n sists of ge r m s of d
- clo s ed く1 ,1トfo r m s. Let H央
Z
AB E 1 0 1
0 0
be the she af of ge r m s of C
央 - v alu ed C f un ctio n s wh ich a r e
holo m o rph ic with r e spe ct to the z
- v a riab le s o n X . The n
L く H
l
くX1肘1 is a C cワmple x ユin e bu nd le wh ich is holo m o rph ic
O O
with r e spe ct to the z- v a上iab le s. We take a c o o rd in ate
c o v e ring tU .1 of X who s e ele m e nt ha s the c o o rd in ate s
l
irldu c ed fr o m the c o o rd in ate s of C
n
.
sup po s e that L e 甘
1
くXI 桝 i苧 def in ed by the syste m
of tr a n sitio n fu n ctio n s tgij
l with r e spect to tU,.1.
1 .
Let ta .I be a he r mitia n m e亡ric alo ng the f i br e s of L .
1









三三 宅 az盲z log ai O n Ui .
Take a n othe r he r mitia n m etric ta t.I alo ng the f ibr e s of L.
1
S in c e
aj - IgijI
2
ai a nd ai
- Igiil
2
チi O n Uin Ui,
w e ba ヮe
log a
i
- log aj ニ log ai - log ai o n uiハ Ui.
くX I
The n w e c a ndef in e aC fu n ctio n ゆ o n X by
ゆ ニニ log ai
- log ai o n ui.










log ai - azaz ゆ o n Ui,
w e obtain the bo m o m o rph is n









we c al l 苫
rく
L1 the r ef in ed Che r n cla s s of L with r e spe ct
to r. Se e r21 fo r the detai ls of苫rくLl.
工n the fol low ing letnm a w etake the c o o rd in ate s くzl,











l is the c o o rd in ate s
of C芋.
L E 凹4A 6. 1.
gr o up x - c
n
lr
Let L be a theta bu nd le o v e r ato r oi dal
P
gl Ve n by
旦,LJ, 空竺三 r a nk
be r mitia n m etric
蛭 H - くha百,
the c o o rd in ate s
a tbeta ね cto r p of ty pe く打,ゆ,
Il 三 n+m く1 Sm くnJ. - T he n the r e e xists a
ta
i




,6ニ1 , . . . ,n
is the e xpr e s sio n
くz
l




Mo r e o v e r













P R OOF. Let pくy, zJ コ e XPく且
y
くzl + cくyう1, whe r e 且
y
くzl
1s a l in e a rpolyn o mial a nd cくyl is a c on sta nt . By Re m a rk 1
in t2l, a he r mitia n m etric tai
ナ alo ng the f i br e s of L
p
O O





く6. り Aくz+y 卜 AくzJ I - 2 Reく且
y
くzl + cくyll





pくy ,zJ ニ 小くyler
w e ha ve




くzJ . cくyIJ- TReくH.tilty , zJ . 号 Reth
,
+t2Jくy,yJ
- 27T tm Lくyl.
The n く6 .1J is equiv ale nt to the fol lo wing
L
.
く6. 1YI Aくz+yI - AくzJ ニ ー 27TReくH+旦1くy , zl I 7TReくH+旦1くy,yl
+ 4TT tm Lくyl
fo r al l ye r a nd z 色 C
n
. Put ting
BくzJ こ ニ ReくH+旦Iくz , zl - 4 工m Lくzl,
w e ha v e
Bくz+yI - BくzJ ニ tReくH+旦Iくz+y , z+yl.- 4 Im Lくz+ylナ
- - tReくH+旦Iくz , zI - 4 工m Lくzll
ニ 2 ReくH+OJくy, zl + ReくH+Qlくy ,yI - 4tm Lくyl.
1 0 4 A BE
We def in e AくzJ ニ ニ ー TrBくzl. T he n Aくzl s atisf ie s く6 .1-l.
Let ta
i
ナ be the he mi tia n m etric along the f ibr e s of L
p















The a utho r t3コ pr o v ed that e v e ry topologic al ly trivial




s atisf ie s c
rく
Ll - 0 . But the c o n v e r s edo e s n ot hol d in
ge n e r al. tn the fol lo wing w e gl V e an e X a mPle of theta
へノ




三 O wh ich is n ot topologic al ly
trivial .
E XA M P L E 6.2 . We con side r the lat tic e r of r a nk 5
in C
3
wh ich ha s a pe riod m atrix
P 三
o 1 0 vq vj3
o o 1 vq 0
l ノぎ o o o
By P RO P O SI T ION 1 . 2 X ニ C
3



















1 is a ba sis of C
2
r
. we def in e a n











1L i f,苫 こ e
3
,










ニ O fo r al l x - vrfei, y甲e2,e3,
AくvCJel,XJ ニ





ニこ O fo上 x ニ e
3
.






l こ O fo r k 三 1 ,2,3 i j 皇 1,2 ,




J ニ O fo r j,k ニ 1I2 .
Fu rthe r m o r e w e e xte nd A to a n alte r n ating Ti- b il in e a r
fo r m o n C
3













J ミ ニ ー AくJ Te2,e3l
ニ 0 ,
Aくe3 ,F Te3 い




















Aくx , vqyl 苧 -
14くj Tx.,yI,
AくJ- 1写.,I- 1yJ 主 Aくx ,yl
fo r al l x
,y eC
3
. Thu s the r e e xists the he r mitia n fo r m H
o n c
3
who s e im agin a ry pa rt is A,
..
in fa ct
Hくx ,yI 三 A くx ,j TyJ.+
1〆T Aくx ,yl
fo r all x
, y GC
3
. c le a rly, A is 2 - v alu ed o n r x r.
Let 8 be a s atel l ite fo r m a s s o ciated with A. T he n
小くyl ニ ニ eく毎8くy,yJJ is a s e mi - cha r a cte r of r a sso ciated
with A. He n c e w e obtain a r educed theta fa ctor p of
ty pe くH,巾 defin ed by
く6. 5J pくy,x い - 小yler七 Hくy,xl + 二主 Hくy,ylコ
2ノー 1 4ノー 1
fo r al l y e r a nd x e C
3
. Let L be the l in e bu nd le
o v e r x ニ C
3
Ir wh ich is giv e nby p.
a ba sis of C
2




of A. Fr o m LEM m 6. 1 it fol lo w sthat
But w e ba ヮe the fol lo wing pr opo sitio n.
PRO P O S t T I O N 6. 3. L is n ot
PRO OF . Let









亡opologic al ly trivial.
aくy ,xJ ニ - TvCf 8Cy ,yl . 叫 y,xl .
t
与THくy ,yl.
T he n pくy ,xJ こ e XPくaくy,xll. By P RO PO S I T I ON 2 .5 L is
AB E 107






,x +yJ + aくy,xJ




ら r a nd x eC
3
. The n it s uf f ic e s to sho w
tba亡 く6. 6J do e s n ot bold . Let y ニ く0 ,0 ,り a nd let y
-













z E - 27TvjT .
Th is sho w sthat く6. 61 do e s n ot hム1d.








c al led a bo m o m o rpb is m i f 入 is a bolo m o rpb ic m ap ping a nd




of al l ho m o m o rph ism sfr o m Xl
tO X
2
. T he fol lo wing
pr opo sitio n s a r e w el l kn o w nfo r c o mple x to ri くcf. r13コI.
P R O P O S 工丁工ON 7. 1.









gr o ups . Let Tr.1





be the c a nonic al




2 塑 竺真空 空 地 入ら HomくXl,X21 a nd
rL rb
c G X
2 聖堂 些 f
- 入 + c . Mo r e cis ely , the r e e xist
1 0 8




l , J C
n
2 a nd .c 亡 C
n






些 里J L is
,
u niqu e a nd c is u niqu e e x c ept m od ri.
p R O OF . Let き ニ ニ fくOIeX
2






is the u nitTe r S al c o寸e ring of Xi ,
the r e e xists a holo m o rph ic




2 s u ch that T
2




c a nd 耶
2くcl
ニ C . Fo r a n.y z e C
n
l a nd yl
e r
l
W e ha v e
Fくz+yl ト
Fくzle r2 . By the contin uity of Fくz+yl ト
Fくz1,




S u Ch that Fくz+y
l
卜 FくzJ 三 Y2
fo r
al l z 丘 C
n





Pe riod ic fo r J ニ 1, . . . ,
n
l
. S in c e Xl is a to r oidal gro up, the r e e xists a C





l - + C
n




q くL + cJ ニ fo 耶
1
. T he u niqu e n e s s of
r
入 a nd c is trivial .
T he u niqu e n e s s of i fol lo w sfr om the u niqu e n e s s of the
l i fting of f 仰
1
.
By P R O POS ITION 7. 1 w e obtain the o n e- to - o n e o nto
m ap ping ニ Ho mくXl ,X21


















is c al led the lin e a r e xte n sio n of 入.
ABE
T 記E OR EM 7. 2. 1Let x. 芦 CPiJr
il
1 0 9
be a to r oi dal
gr o up with r a nkrr一 - n . + れ for i - 1,2 . T he n tloTnくXl,
X
2Jl 1 l -
is a fr e e abel ia n grわup with
r a nk Ho mくXl ,X21 i nlくn2
+ m
21.
P RO O f
-
. Let tpl,
. . . ,p
n
l
l be a pa rt of ge n e r ato r s
of r
l
Wh ich is a c o mple x ba sis of C
n
l. We de n ote by
Al
the s ubgr o up of rl g
e n e r ated by pl,












1 by り入こ くpl , . . . ,pn
l
I - ,くL入くpIJ,













is a m o n o m o rph is血 . Thus Ho mくXl,X2J is r ega rded a s
a s ubgr o up of Ho mCAl,
r
2J





a fr e e abel ia n gr o up o-f r a nk nlくn2
+ m
21, w e obtain the
c o n clu sio n.
Let X be a c o mple x to r u s a nd let A be a n abel ia n
v a riety. tf the r e e xists an o nto ho m o m o rph is m 入
.
. A 一 一
X
,
the n X is als o a n abel ian v a riety . But th is is n ot
tr u e fo r to r oidal gr o ups . Now w egi v e a n e x a mple of a
c o mple x to r u畠 X oh wh ich the r e e xists an o nto ho m o m o rph is m
fr o m a qu a si
- abel ia n v a riety.
EX A M P L E7. 3. Let
who s epe riod m atrix is
x ニ C
3







































indu c e s aC太 一 prin cipal bu nd le 号 三 X - C
2
1チ .ふe r a 2 -
dim e n sio n al c . mple x t. ru s C
2
17L, whe r e ナ.1こ TくrI. ha s a















s in c e C
2
1T is the pr odu ct of twワ i - d im e n sio n al c o m,le x
to ri, C
2
1P is pr o
.
je ctiv e algebr aic . T he n X is a qu a si -
abel ia n v a riety くt31J.











1 ト ー くzl, Z2J. S imi la rly w e ha v e aC
央 - prin cipal
bu nd le o 三 X - - C
2
Ir央 o v e r a2 - d im e n sio nal c o mple x
rb
to r u s c
2













It is trivial that o ニ X 一 - C
2
1r央 is an o nto ho m o m o rph is m.
へノ
By a n ele m enta ry c alc ulatio n w e c a n v e ri fy tha亡 Rie ma n n
co nd itio n sくcf . DEF 工N I T ION 5. ll a r e n ot s atisf ied . So
c
2
Irk is n ot a n abel ia n v a riety .
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